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Geometric Deformation on Objects:
Unsupervised Image Manipulation via

Conjugation

Changqing Fu

CEREMADE Winter School, Normandy

March 2, 2022
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Practical Problem

▶ Problem Setting: “Image-to-Image Translation” (Pix2pix,
2017)

▶ Solution: Image Manipulation = Sparse Reconstruction +
Multi-Scale Post-Processing

▶ Pros: Transferability and training data efficiency.
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Practical Problem

downscale−→ + Noise Generator
===

▶ Problem Setting: “Image-to-Image Translation” (Pix2pix,
2017)

▶ Solution: Image Manipulation = Sparse Reconstruction +
Multi-Scale Post-Processing

▶ Pros: Transferability and training data efficiency.
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Practical Problem

reconstruct−→ + Noise Generator
===

▶ Problem Setting: “Image-to-Image Translation” (Pix2pix,
2017)

▶ Solution: Image Manipulation = Sparse Reconstruction +
Multi-Scale Post-Processing

▶ Pros: Transferability and training data efficiency.
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Math Formulation

M M

N N

A

φ φ−1

B

▶ Conjugation A = φ−1 ◦ B ◦ φ, φ is a fixed Edge Detector
▶ Well-definedness: Is φ an invertible diffeomorphism?
▶ Sparsity of N
▶ φ−1 : N −→ M, φ−1(y) := {x ∈ M|φ(x) = y},∀y ∈ M not

unique!
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Math Formulation
M M

N N

A

φ φ−1

B

(Ω,F , {Dydata,DG})

(x, y) ∼ Ddata,G(x)|x ∼ DG, x ∼ π(·) = Dxdata

▶ Conjugation A = φ−1 ◦ B ◦ φ, φ is a fixed Edge Detector
▶ Well-definedness: Is φ an invertible diffeomorphism?
▶ Sparsity of N
▶ φ−1 : N −→ M, φ−1(y) := {x ∈ M|φ(x) = y},∀y ∈ M not

unique!
Surrogate solution: GAN, a Data-driven approach.

G := φ̂−1 : N −→ M

s.t. G = argminG −
∫
Ω
log LD(G(x)︸ ︷︷ ︸

G(x)is real

)dπ(x)+λE(x,y)∼Ddata∥G(x)−y∥L1
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Blueprint

Lv Field Particle Motion
I Image Canvas Ω Pixel (x1, x2) Active Cont. γ ∈ L2([0, 1]; Ω)
II Image Sp L2(Ω,R3) Image u u(t, x) ∈ L2([0, 1]; L2(Ω,R3))
II Conv. Neural Net Inner Features uti(x) ∈ L2(Ω,Rd(ti))
III Parameter Space Θ Linear filters θ Deep Learning θt
IV Dual Param Sp W GAN Discrimw Deep Metric Learn LDwt (·)
V Evaluation Measures Metric u 7→ D(u) e.g. Pre-training FID

Table: Hierarchy of Dynamics

Figure: Homogeneous Filter on Patches
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Dynamics of Points, Lines, Images
▶ Motion of points on images / Active Contor (Peyré, Cohen et

al. 2011 MAL) γ ∈ C([0, 1];R2)

Φ(γ) = −
∫ 1

0
U(γ)∥γ̇∥dt + λ

∫ 1

0
∥γ̇∥+ µ∥γ̈∥dt

Take µ = 0, W = U + λ, γ is solved with the zero level set of
φ’s asymptotic limit

d
dtφt = ∥∇φt∥div

(
W ∇φt

∥∇φt∥

)

momentum TΦ = γ′(s)
∥γ′(s)∥ ≡ 1(Noether)

▶ Image morphing (Trouvé et al. 2005) u ∈ L2([0, 1]; L2(Ω,R3))

Φ(u) = inf
z=u̇+∇u·v

∫ 1

0

∫
Ω

Lm[v, v] + 1
δ

z2dxdt
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Dynamics of Network Layers
Sparse Reconstruction

Figure: U-net (Olaf et al. 2015)

xn+1 = Encodern(xn)

yN = Encodern(xN)

yn−1 = Decodern([xn, yn])

Back-propagation

Multi-Scale Reconstruction

Figure: ResNet sturcture
(Shaham et al. 2019)

xn−1 = x↑n+Decodern(xn+zn−1)

Learn-by-scale: Input/Output
at arbitrary scale

Neural Image Perception
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Dynamics of Scale Space

Refinement:
Upsampling:
Initialization:


xn = x̃n−1 + Gn(x̃n−1 + zn), n = 0, . . . ,N
x̃n = π(xn)
x0 = G0(z0)

G(z) := GN(z0, . . . , zN)

= G0(z0)︸ ︷︷ ︸
≜x0

+G1(G0(z0) + z1)

︸ ︷︷ ︸
≜x1

+ · · ·

+GN(GN−1(· · ·G1(G0(z0) + z1) · · ·︸ ︷︷ ︸
≜xN−2

+zN−1)

︸ ︷︷ ︸
≜xN−1

+zN).
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Dynamics of GAN Parameters I

Fix discriminator D: a (learned) metric of the image being “fake”.

ΦD(G) = Ey∼Dydata [logD(y)] + Ex∼π[log(1 − D(G(x)))]

▶ Dynamics (Training / Optimization / Fixed-point Method)
▶ y ∼ Dydata, x ∼ N (0, 1),G ≡ f(y|x) (“Sampling via Inverse

transform F−1” / Importance Sampling / Change of variable /
Bayesian Prior / Radon-Nikodym...)

D∗(y) = pydata(y)
pydata(y) + pG(y)

(Picture from Goodfellow 2014)
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Dynamics of GAN Parameters I

Fix discriminator D: a (learned) metric of the image being “fake”.

ΦD(G) = Ey∼Dydata [��logD2(y)] + Ex∼π[��log(1 − D(G(x)))2]

▶ Dynamics (Training / Optimization / Fixed-point Method)
▶ y ∼ Dydata, x ∼ N (0, 1),G ≡ f(y|x) (“Sampling via Inverse

transform F−1” / Importance Sampling / Change of variable /
Bayesian Prior / Radon-Nikodym...)

Variants:
▶ If x ∼ Dxdata, G is called a “Conditional GAN”.
▶ G = Decoder ◦ Encoder, z = Encoder(x),y = Decoder(z),

z|x ∼ N (0, 1) “Variational Auto-encoder (VAE)”.



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Dynamics of GAN Parameters II
Min-max game equilibrium / Saddle-point / Alternating Direction

min
G

max
D

ΦD(G) = Ey[D(y)]− Ex[D(G(x))]

Fh(G,D) = (G,D)− hv(G,D),where v(G,D) =

(
∇GΦ
−∇DΦ

)
(

Ġ
Ḋ

)
=

(
−∇GΦ
∇DΦ

)
Structure: Πlayers(Activationelement-wise ◦ Linearcentered), wi are
wavelet filters

NN(x) = ρL(wL · · · ρ1(w1x))

Gradient Penalty: 1-Lipshitz

λEx∼µθ
(∥∇xfw(x)∥2 − 1)2
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Evaluation of GAN

Figure: IS = exp(Ex∼µθ
KL(p(y|x)∥p(y)))

FID = ∥µ− µr∥2
2 + tr(Σ + Σr − 2(Σ1/2ΣrΣ1/2)1/2)

MMD =
∥∥ 1

n
∑n

i=1 φ(xi)− 1
m
∑m

i=1 φ(yi)
∥∥2
H = 1

n2
∑n

i=1
∑n

j=1 k(xi, xj) +
1

m2
∑m

i=1
∑m

j=1 k(yi, yj)− 2
nm
∑n

i=1
∑m

j=1 k(xi, yj)
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Properties of CNN

▶ Center preserving
∫
Ω udx ≡ const.: StyleGAN (Center∼Image

Force)
▶ Norm preserving

∫
Ω u2dx ≡ const.: Batch / Instance / Layer /

Group Normalization (Covariance∼Style)
▶ Invertibility: Normalizing Flow
▶ Equivariance, conserved quantity, frequency separation

g ◦ ρ = ρ ◦ g: StyleGAN3 (Alias-free)
▶ Non-homogeneity of local filters: Transformers
▶ Integrability across scales: This work (Space dimension is time

dependent)
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Applications

▶ Medical Image Synthesis
▶ Active Learning
▶ Privacy-Protective Learning
▶ Cross-Domain/Transfer Learning
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Thank You

Q&A

*Funded in part by the French government under management of Agence
Nationale de la Recherche as part of the “Investissements d’avenir” program,

reference ANR-19-P3IA-0001 (PRAIRIE 3IA Institute).


